
II.4 Examples

1. Projective spaces

(i) Construction

RP n := Rn+1\{0}/ ∼, x ∼ λx, λ ∈ R∗ = R\{0}
[x] = equivalence class of x = the line passing through x,
or equivalently Sn/ ∼, x ∼ −x, ∀x ∈ Sn 1

Similarly , CP n = Cn+1\{0}/ ∼, x ∼ λx, λ ∈ C∗,
(HP n = Hn+1\{0}/ ∼, x ∼ λx, λ ∈ H∗)

or equivalently S2n+1/ ∼ (S4n+3/ ∼), x ∼ λx, |λ| = 1, λ ∈ C.(H)

Note. S0 // Sn

²²

, S1 // S2n+1

²²

, S3 // S4n+3

²²

: Hopf fibration

RP n CP n HP n

Note. (1)

R1\0

²²

⊂
// R2\0

²²

⊂
// R3\0

²²

⊂
// · · ·

⊂
// Rn\0

²²

⊂
// Rn+1\0

²²

⊂
// · · ·

⊂
// R∞\0

²²

RP 0 ⊂
// RP 1 ⊂

// RP 2 ⊂ // · · ·
⊂
// RP n−1 ⊂

// RP n ⊂
// · · ·

⊂
// RP∞

Also for C and H.

(2) RP n can be attached as an adjunction space with (X,A) = (En
+, S

n−1) and
Y = RP n−1 and f : Sn−1 → RP n−1, the antipodal identification. (=Hopf map)

Same thing holds for CP n and HP n with the Hopf map as an attaching map.
(Use 2n−disk defined by {z ∈ Cn+1||z| = 1, zn+1 ≥ 0})

4n− Hn+1

Note that RP n\RP n−1 = open n-cell.
CP n\CP n−1 = open 2n-cell.
HP n\HP n−1 = open 4n-cell.

1

Sn i //

q

²² &&

Rn+1\{0}

p

²²
Sn/ ∼ // RPn continuous, 1-1, onto and compact ⇒∼=
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∴ RP n is a CW-complex with one k-cell in each k = 1, 2 · · ·n.
CP n is a CW-complex with one 2k-cell in each k = 1, 2 · · ·n.
HP n is a CW-complex with one 4k-cell in each k = 1, 2 · · ·n.

(ii) Homology of RP n

Consider

0 Z =< σ > Z⊕ Z Z 0

Hn(Sn−1) //

p∗

²²

Hn(Sn)
j∗ //

p∗

²²

Hn(Sn, Sn−1)
∂∗ //

p∗

²²

Hn−1(Sn−1) //

p∗

²²

Hn−1(Sn)

p∗

²²

Hn(En
+, S

n−1)

i∗ 55llllll
∂∗:∼= //

p|∗:∼=

''PPPPPPP
Hn−1(Sn−1)

66mmmmmm

f∗

&&NNNNNNN
Z Z

Hn(Pn−1) // Hn(Pn) // Hn(Pn, Pn−1) // Hn−1(Pn−1) // Hn−1(Pn)

0 Hn+1(Sn, En
+)

∂∗

66lllllllllllllllll
Z

Hn+1(En
−, S

n−1)

0

α
∂∗ //

²²

∂∗α

ε

44iiiiiiiiiii

**TTTTTTTTTTTT
∼= //

∼=
55kkkkkkkkkk

β

∂∗α= generator ofHn−1(S
n−1)⇒ α is primitive andHn(S

n, Sn−1) =< j∗σ, α >

Now consider γ = α + (−1)n+1a∗α, where a : S
n → Sn antipodal map

⇒ ∂∗(α + (−1)n+1a∗α) = ∂∗α + (−1)n+1∂∗a∗α
‖(by functorial property of ∂∗)
(−1)n+1a∗∂∗α = (−1)n+1(−1)n∂∗α

= 0
⇒ γ = j∗(kσ) = kj∗(σ)

Claim. γ is primitive.
⇒ k = ±1 and may assume k = 1 by taking −σ as a generator of Hn(S

n) if
necessary.
⇒ γ = j∗(σ)
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��������� (Proof of Claim)
Hn(E

n
+, S

n−1)

tthhhhhhhhh
i∗:∼=excision

²²

ε

zzttt
ttt

ttt

²²
Hn(S

n, Sn−1)
j∗

// Hn(S
n, En

−) α // i∗ε

Note. j∗(a∗α) = 02⇒ j∗(γ) = j∗α = i∗ε : primitive ⇒ γ : primitive

Key Observation. p · a = p

Sn

p
²²

0 // Hn(Sn) //

p∗²²

Hn(Sn, Sn−1)
p∗²²

σ_

²²

Â j∗ // γ_
²²

γ = α+ (−1)n+1a∗α

Pn 0 // Hn(Pn) // Hn(Pn, Pn−1) p∗σ
Â // (1 + (−1)n+1)p∗α (p∗α = β)

Claim.
p∗ : Hn(S

n) // Hn(P
n) if n is odd.

Z ×2
// Z

Hn(P
n) = 0 and p∗ = 0 if n is even.��������� Use induction on n.

n= odd : (n-1 :even)

Z Z⊕ Z

0 // Hn(S
n) //

²²

Hn(S
n, Sn−1)

²²

// Hn−1(S
n−1)

²²

// 0

²²

σ Â //

²²

γ
_
²²

p∗σ Â // 2β

0 // Hn(P
n) // Hn(P

n, P n−1) // Hn−1(P
n−1) // Hn−1(P

n) // 0

Z Z 0 0

induction hypothesis

2

Hn(En
+, Sn−1)

a∗²²

// Hn(Sn, Sn−1)
a∗

²²

ε Â //

²²

α

²²
l.e.s : // Hn(En

−, Sn−1) // Hn(Sn, Sn−1) // Hn(Sn, En
−) // · · · a∗ε // a∗α

j∗
// 0
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⇒ p∗ : Z ×2
→ Z

n = even : (n-1:odd)

Z Z⊕ Z Z

0 // Hn(S
n) //

²²

Hn(S
n, Sn−1)

²²

∂∗ // Hn−1(S
n−1)

×2(induction hypothesis)

²²

// 0

²²

α Â //

²²

1_
²²

β Â // 2

0 // Hn(P
n)

##GG
GG

GG
// Hn(P

n, P n−1)
×2(injective)

// Hn−1(P
n−1) // Hn−1(P

n) // 0

0 0

88pppppppp Z Z Z/2

Conclusion.













Hn(P
n) =

(

Z, n = odd
0, n = even

)

Hn−1(P
n) =

(

0, n = odd
Z/2, n = even

)

Hq(P
n) ∼= Hq(P

n−1) if q ≤ n− 2













Cellular chain complex for P n

(1) RP n

∂ : Hk+1(P
k+1, P k)→ Hk(P

k, P k−1), (k = 1, 2, · · · ) is

{

0, if k is even
×2, if k is odd

.���������
Hk+1(E

k+1
+ , Sk)

∂∗
∼=

//

p∗∼=
²²

Hk(S
k)

p∗

²²

Hk+1(P
k+1, P k)

∂∗ //

∂

33
Hk(P

k)
i∗ // Hk(P

k, P k−1)

Attaching space 	
 isomorphism3 ��������� ���� � 	
 p∗ �� � isomorphism ���� "! . #%$&('*) k +,!
even ���-#%.& Hk(P

k) = 0 ���0/1324 ∂ �� � 0-map ���5 "! . 6798;:< k +,! odd ���*#%.& p∗ : Hk(S
k)→

Hk(P
k) �� � ×2-map ���>=?  "!A@B C diagram ������ i∗ +,! isomorphism ���� "! .

0 = Hk(P
k−1) // Hk(P

k)
i∗ // Hk(P

k, P k−1) // Hk−1(P
k−1) = 0

3recall Hq(X,A) ∼= Hq(X ∪f Y, Y )
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D !,E�! ��� , ∂ �� � ×2-map ���� "! .
Ck = Hk(P

k, P k−1) 24 FG #%.& Hi(P
n) = Hi(C) ���0/1324 , HI J !LKNMO 24QPRTS ) Hi(P

n) UV WXY[Z-\A]4 #%.&  "!A@B C_^V Wa`cbd �� �  "! .

Hi(RP 2n+1) =







Z/2 0 < i = odd < 2n+ 1
Z i = 0, 2n+ 1
0 otherwise

Hi(RP 2n) =







Z/2 0 < i = odd < 2n
Z i = 0
0 otherwiseeB ��f � RP∞ 	
 gihjlkG �� �� �  "!m@B Conp q�rs  "! .

Hi(RP∞) =







Z/2 i = odd
Z i = 0
0 otherwise

(2) CP n and HP n

Recall CP n(or HP n) is a CW-complex with one cell in each dimension 2j(or
4j), j = 0, 1, · · · , n.

So, Ck(CP n) =

{

Z if k = 2j
0 otherwise

and Ck(HP n) =

{

Z if k = 4j
0 otherwise

D !,E�! ��� Hk UV W XY[Z-\A]4 #%.&  "!m@B Ct^V Wu`cbd �� �  "! .
Hk(CP n) =

{

Z if k = 2j, j = 0, · · · , n
0 otherwise

Hk(HP n) =

{

Z if k = 4j, j = 0, · · · , n
0 otherwise

67v8;:< Hk(CP∞) wx Hk(HP∞) 	
 gihjykG{z7 HI wx | !"}�~� +,!��N� 24 XY9�>����G �L��  "! .
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2. Lens space revisited

Second description of Lens space L(p, q), p ≥ 1(p, q: relatively prime).

Lens space �� � �� �l�� ������,�� np q�rs��� � D3 ������ ∂D3 =
D3

�
�

�
�
�

x0

e

S2 	
 �%��l��   ^V W  "!A@B C¡np q�rs ��� identify ¢0!;£¥¤ `cbd £c¦¨§0©&
 "! . (z, t) ∈ E2

+ ⊂ S2 ⊂ ∂D3 ��«ª¬ ¢0!"£¥¤
(z, t) ∼ (e

2πiq
p z,−t)

®B � , ¯° �²± ~� XY 	
 �%��l��   ^V W q/p ³;!;´µ ¶·_¸%¹& ¢0!;£¥¤ ª¬»º,¼½¾¿ �� ��À"ÁÂ ± ~� XY 	
 �%��y��   np identify ¢0!Ã=? �%�Ä z7 	
 �%��
��   �� � p ÅÆÈÇ¡ÉÊ � ¢0!;£¥¤�Ë7ÌFG identify 8;:< gÎÍÏ ���� "! .

eB �oÐ5ÑÒ f � q = 1, p = 2 	
 gihjlkG �� �� � RP n ��� `cbd £c¦ÔÓ �� ^V WÖÕ r× �G �L��  "! .
Lens space UV W ���>wx q�rs ��� ��Øj 	
 ¢0!"#%.& ��� �� � manifold +,!ÚÙÛ �  "! . Ü ¬ PR 	
 �%�� ������ �� �
locally Euclidean ��� ¾¿ �� � ball neighborhood UV WÞÝ rß ^V W �G �L�� =? �%�Ä z7 UV W3àâá wã 8;:<åäæ
#%.& 	
 �%�� ������ �� � HI��� � np ç !"è \ �� � ������ 2 écê , �%�Ä z7 HI 	
 �%�� ������ �� � p écêë	
 ball neigh-
borhood 	
 ì7Tí Áî ���ðï�ñòôó � �� �²õ÷ö í Áî í Áî 	
 identificaion �� 	
 Z-\ ¯° ø £¥¤�ùR #%.& locally Eu-
clidean ���ûúüþý ^V WÖÕ r× �G �L��  "! .

L(p, q) 	
 cell-structure :

one 3-cell coming from D3

one 2-cell coming from E2
+ ⊂ ∂D3

one 1-cell coming from e
one 0-cell coming from x0D !,E�! ��� Ck = Z ���0=?  "!m@B C 	
 sequence UV Wa`cbd �� �  "! .

0 // C3
// C2

// C1
// C0

// 0

0 // Z 0 // Z
×p

// Z 0 // Z // 0

���ðÿ�� boundary map �� � KNMO àâá 24 boundary UV W é������� ¢0!,#%.& ¾¿ /1Þ24 HI wx q�rs ����ùR £c¦
§0©&  "! . £¥¤ ó � ��� ∂2 = ×p ���0/1324 im∂3 ⊂ ker∂2 = 0 ������ ∂3 = 0 ��� ÙÛ �  "! . D !"E�! ���
homology UV W é������� ¢0!,#%.&

H3 = Z, H2 = 0, H1 = Z/p, H0 = Z

UV Wa`cbd �� �  "! .
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Third description

S3 = {(z1, z2) | |z1|
2 + |z2|

2 = 1} ⊂ C2

free Z/p-action on S3: e
2πi
p · (z1, z2) = (e

2πi
p z1, e

2πiq
p z2)⇒covering action

Define
S3/(Z/p) = L(p, q)

��� ��Øj 	
 �� � Õ r	 	
 second description np 
��Ò� � 8;:<  "! . S3 ������ #%$&('*) z1 �����������1324 �� �
1/p ³;!;´µ ¶·t¸%¹& ¢0!"£¥¤ identify ���� �1 /1Þ24 z1 �����������1324 1/p ������Æ  ���� ]4 #%.& lune Ë7"!$#% 	

fundamental domain ���'&�!)(7 =? ��� gÎÍÏ ^V W D3 24 ï�ñò í Áî �>����G �L��  "! . 67v8;:< z2 �����������124 q/p ³;!;´µ , z1 �����������1Þ24 1/p ³;!"´µ ¶·t¸%¹& ¢0!"£¥¤ identify 8;:< gÎÍÏ ���0/1324 D3 ������ ï�ñò í Áî
¢0!,#%.& Õ r	 	
 second identification np 
��Ò� � �+*, ^V WÖÕ r× �G �L��  "! .
��� àâá second description np Õ r	�-/.Ò ������ 	
 Lens space 	
 ��Øj 	
 wx 
��Ò0� � �+*, ^V W Õ r× ç ! ]41 ! .

⋃

Second description ������ D3 UV W HI 	
 ����,�� np q�rs ��� FG PR ÉÊ � 	
 �>�243 �5 �>�26�1324 ï�ñò í ÁîZ-\ ]4 1 ! . �� �l�� � 	
 z787:9½ ������ ����,�� np q�rs ��� p ÅÆÈÇ ÉÊ � ¢0!;£¥¤ g<;= #%.& �� ùR £c¦¨§0©& identifica-
tion �� D !,E�!Ú¯° ø ���-#%.& solid torus +,!yÙÛ �  "! . 67v8;:< (7?>� � �� � ������ �� � @A B #%.& np ç !�CEDF #%.& ^V W
q/p ³;!"´µ ¶·_¸%¹& 8;:<HGI identify ¢0!"£¥¤ ç�J ¢0!�/1Þ24 `LKÄNM � solid torus +,!�ÙÛ �  "! .D !,E�! ��� FG écêë	
 solid torus +,! `cbd £c¦Ã�N� �� �²õ÷ö í Áî í Áî 	
 g<;= #%.& �� � OPRQ è \ q�rs9�� � gÎÍÏ ^V W ÉÊ �S � 8;:< gÎÍÏ ���0/1324 identify ¢0!;£¥¤ ç�J 8;:<  "! . D !"E�! ���  "!m@B C 	
 TU V àâá UV W ¢0!Ã=? &�!,#%.& FG de-
scription ��� 
��Ò0� � �+*, ^V WHWX Y[Z ©& �>��Q�G �L��  "! .
\] ^`_ba 10. HI ������ `cbd £c¦ §0©& FG solid torus 	
 g<;= #%.& �� ùR £c¦¨§0©& identification �� � m( �� ��� � ) ^V W qm+ pl( (7c>� � �� � ) ��«ª¬ @B Ç M ��d �� ^V WHWX Y[Z ©& ¢0!,E�! .
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